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Abstract

The four dominant theories of reasoning from conditionals are translated into formal mod-
els: The theory of mental models (Johnson-Laird, P. N., & Byrne, R. M. J. (2002). Condition-
als: a theory of meaning, pragmatics, and inference. Psychological Review, 109, 646–678), the
suppositional theory (Evans, J. S. B. T., & Over, D. E. (2004). If. Oxford: Oxford University
Press), a dual-process variant of the model theory (Verschueren, N., Schaeken, W., & d’Ydew-
alle, G. (2005). A dual-process specification of causal conditional reasoning. Thinking & Reason-

ing, 11, 278–293), and the probabilistic theory (Oaksford, M., Chater, N., & Larkin, J. (2000).
Probabilities and polarity biases in conditional inference. Journal of Experimental Psychology:

Learning, Memory, and Cognition, 26, 883–899). The first three theories are formalized as multi-
nomial models. The models are applied to the frequencies of patterns of acceptance or rejection
across the four basic inferences modus ponens, acceptance of the consequent, denial of the
antecedent, and modus tollens. Model fits are assessed for two large data sets, one representing
reasoning with abstract, basic conditionals, the other reflecting reasoning with pseudo-realistic
causal and non-causal conditionals. The best account of the data was provided by a modified
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version of the mental-model theory, augmented by directionality, and by the dual-process
model.
� 2006 Elsevier Inc. All rights reserved.

Keywords: Conditionals; Reasoning; Multinomial models
1. Introduction

Conditionals, that is statements of the form ‘‘If p then q,’’ are pervasive in everyday rea-
soning—for example, from the rule, ‘‘If the suspect has an alibi, then he cannot have com-
mitted the crime,’’ and the information that a suspect has an alibi, police officers and crime
fiction readers readily infer that this suspect most likely is innocent. Conditionals are also
a backbone to scientific reasoning. For example, from the premise ‘‘If my theory is right,
then the training group should surpass the control group,’’ and the finding that the train-
ing group did not do better than the control group, an investigator should infer at least
some serious doubt about the validity of her theory.

Inferences such as these have been a topic of psychological investigation for many dec-
ades (Evans, Newstead, & Byrne, 1993). Most of this research has focused on four simple
inference forms, summarized in Table 1. Two of them, MP and MT, are licensed by formal
logic, whereas the other two, AC and DA, are not valid according to formal logic, unless
the conditional that forms the major premise is understood as a biconditional, that is, a
statement of the form ‘‘If and only if p then q.’’ The basic pattern of findings across numer-
ous experiments with these four inference schemas is that MP is endorsed by nearly all par-
ticipants, MT is endorsed with considerably lower frequency, and both AC and DA are
endorsed quite frequently, AC having a slightly higher acceptance rate than DA (Evans,
1993; Schroyens, Schaeken, & d’Ydewalle, 2001).

Several theories have been proposed to account for reasoning with conditional premis-
es. Mental rule theories (Braine & O’Brien, 1991; Rips, 1994) assume that our mind is
equipped with inference rules, among them a rule for MP inferences, which apply to
propositional representations of premises and generate propositional representations of
appropriate conclusions. The theory of mental models (Johnson-Laird & Byrne, 2002;
Johnson-Laird, Byrne, & Schaeken, 1992) assumes that reasoning proceeds on a represen-
tation of the meaning of premises, cast as a set of models of their truth conditions. The
probabilistic inference theory (Oaksford, Chater, & Larkin, 2000) and the suppositional
theory (Evans & Over, 2004) share the assumption that conditionals are represented as
expressing a high conditional probability of the consequent, given the antecedent. The the-
ories diverge, however, in their assumptions about inferences. Oaksford and colleagues
Table 1
The four basic inference forms

Inference form Major premise Minor premise Conclusion

Modus ponens (MP) If p then q p q

Acceptance of the consequent (AC) If p then q q p

Denial of the antecedent (DA) If p then q Not p Not q

Modus tollens (MT) If p then q Not q Not p

Note: The variables p and q stand for propositions; p is called the antecedent and q is called the consequent.
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postulate that inferences are endorsed in proportion to the conditional probability of the
conclusion, given the minor premise. The suppositional theory of Evans and Over (2004)
assumes that inferences can be drawn by two systems of reasoning, a heuristic system that
makes only forward inferences from the antecedent to the consequent, and an analytic
system that engages in more sophisticated reasoning strategies involving hypothetical sup-
positions. Finally, Verschueren, Schaeken, and d’Ydewalle (2005) have proposed a dual-
process theory, assuming that people can use either a heuristic inference process based
on probability estimation, or an analytic process based on mental models. The purpose
of the present research is to evaluate four of these five theories, the theory of mental mod-
els, the probabilistic inference theory, the suppositional theory, and the dual-process the-
ory. The assumptions of these theories will be elaborated below.

Research on conditional reasoning has been constrained by a sparseness of data sourc-
es. Most research relies on acceptance rates for individual inference forms under various
experimental conditions. Here I exploit a source of data that has been available all the time
but has received no attention so far: When people are asked to evaluate the four inference
forms in Table 1, each of them generates a unique pattern of acceptance or rejection across
the four forms, which can be coded as a vector of ones (for acceptance) and zeros (for
rejection). For instance, the pattern prescribed by formal logic, accepting MP and MT
and rejecting the other two forms, could be coded as 1001 (with the inference forms
ordered from top to bottom in Table 1). With a reasonably large sample of participants
the frequency distribution of the 16 possible patterns can be measured. This distribution
captures not only the frequencies of endorsement of individual inference forms, which
have constituted the core data pattern in the field so far, but also the statistical dependen-
cies (i.e., correlations) between acceptance of individual inference forms. For instance, if
participants who endorse MT are more likely to endorse DA than participants who reject
MT, then we should observe patterns ending with 11 and patterns ending with 00 more
frequently than patterns ending with 01 and with 10.

In the first step, I will formalize the four theories such that they make quantitative pre-
dictions for the relative frequencies of the 16 patterns, given a set of parameters. In the
second step I will fit the formal models to two large data sets, one using conditionals with
arbitrary contents and little connection to world knowledge, the other using conditionals
with more realistic contents and, in part, causal relations between antecedent and conse-
quent. Participants’ patterns of endorsement across the four inference forms differ consid-
erably between the two data sets, and theories of conditionals should be able to account
for both of them, capturing their differences in the parameter values.

In what follows I first describe the formal models developed from the four theories.
Next I describe the two data sets used to evaluate the models. This is followed by the
results of fitting the models to the data.

2. Formalizing the theories

The theory of mental models, the suppositional theory, and the dual-process theory can
be formalized through multinomial processing-tree models (Riefer & Batchelder, 1988);
the rationale of this kind of model will be explained below in the context of the model
for the mental-model theory. The probabilistic theory of Oaksford et al. (2000) could
not be adapted in this way and therefore requires a more complicated formalization to
make it applicable to the frequencies of the 16 inference patterns.
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2.1. The theory of mental models

The basic assumption of the mental-model theory (Johnson-Laird & Byrne, 1991;
Johnson-Laird et al., 1992) is that the initial linguistic (possibly propositional) representa-
tion of the premises is translated into a representation of the situation described by the
premises, called a mental model. A mental model captures the truth conditions of the
statement and not much else, so that, as a rule, no detail is added to the representation
of the situation beyond what is required to fulfill the truth conditions of the premises.
The truth conditions of a conditional of the form ‘‘If p then q’’ are those of the material
implication of propositional calculus, they can be represented by three mental models that
correspond to the three possible cases that fulfill these truth conditions:

p q
:p q
:p :q

In this notation, each line stands for one model combining the truth or falsity of p with
the truth or falsity of q, and the hooked dash (:) symbolizes negation. The fourth possi-
bility, the conjunction of p with :q, violates the truth conditions of the conditional and
therefore is not represented. Johnson-Laird and Byrne (2002) limit this analysis to basic

conditionals, defined as conditionals with little context and content. Conditionals rich
in content and context can be represented by other sets of mental models, depending on
which models are suggested or ruled out by the knowledge associated with that content
and context. The effect of content and context on selection of models is called semantic
and pragmatic modulation.

The full-fleshed representation of basic conditionals by three mental models is assumed
to place a high burden on working memory, and therefore people usually work with a
more parsimonious representation in which only the first model is made explicit:

p q

. . .

In this notation, the three dots represent an implicit model that can be made explicit on
demand. When this is done, either one or both of the two remaining models from the com-
plete set are made explicit.

Inferences are drawn by a three-step procedure. In the first step, a set of mental models
is generated that jointly captures the meaning of both the major (conditional) and the
minor premise. In the second step, a conclusion is formulated that is true for all models
in this set. The third step involves looking for counterexamples. This means trying to con-
struct an alternative set of models that meets the truth conditions of the premises but vio-
lates the conclusion. Take, for example, the DA form, with premises ‘‘If p then q’’ and
‘‘Not p.’’ The cognitive system starts with the parsimonious representation of the condi-
tional by a single explicit model. The minor premise ‘‘Not p,’’ however, cannot be integrat-
ed with this model because it does not match the model of p & q. The implicit model
therefore needs to be elaborated, and this might generate a second explicit model of the
conjunction :p & :q. The truth conditions of the minor premise rule out the first model,
p & q. This leaves a single model, :p & :q, to represent the joint truth conditions of both



242 K. Oberauer / Cognitive Psychology 53 (2006) 238–283
premises. This model suggests ‘‘Not q’’ as a conclusion. Before drawing this conclusion,
the reasoner should engage in a search for counterexamples, which could bring up the
model :p & q as a further alternative meeting the truth conditions of both premises,
but violating the conclusion. If the :p & q model is explicitly represented as a possibility,
it blocks the conclusion ‘‘Not q,’’ and the reasoner infers that nothing follows from the
premises regarding the truth of q. Often, however, the search for counterexamples fails
or is not even attempted, and reasoners endorse the conclusion ‘‘Not q’’—as about 40%
of young adults do (Evans, 1993).

2.2. Version 1: Original model theory with semantic and pragmatic modulation

Schroyens and Schaeken (2003) formalized the model theory of conditional reasoning,
and my processing-tree model builds directly on their equations. The model, called MM-
original, is illustrated as a branching tree in Fig. 1. The general idea of multinomial
processing-tree models is that a cognitive process can be described as a series of binary
decisions leading from the perception of the stimulus material to the response category
chosen by the participant. Each decision is associated with a parameter that reflects the
probability that one of the two options is chosen. These probabilities could reflect the
relative inclinations of the average individual to choose each of the two options, or the
proportions of individuals in the population who consistently choose each of the option;
whether decisions vary only between individuals or also within individuals from trial to
trial cannot be determined with the present data.

Each possible sequence of decisions is represented by one path through the processing
tree. The probability of going along a specific path, and the associated response category,
equals the product of the probabilities for the options chosen at the decision points along
that path. Each decision point can be regarded as an intermediary state of the process. The
sequence of intermediate states in the processing tree, however, does not necessarily match
the temporal sequence of states in the process: Reversing the order of two decision points,
like reversing the order of terms in a product, has no effect on the predicted probabilities of
the response categories.

In the processing tree models developed here, the response categories are patterns of
evaluations across the four inference forms (for a similar approach to response patterns
in the Wason selection task see Klauer, Stahl, & Erdfelder, 2006). One path through the
processing tree therefore represents four cognitive processes, one for each inference eval-
uation. The justification for lumping them together into a single path is the fact that the
four evaluation processes share many of their decision points, and the assumption that the
decisions at the shared points are the same for all four evaluations within an individual.
For example, my formalizations of the model theory assume that if a participant builds
an explicit representation of the model :p & q as a counterexample to the AC inference,
she or he will also build this representation as a counterexample to the DA inference. The
assumption that the processes run down the same path for all four decisions forming a
response pattern is not demanded by the theories or by any data, but it is necessary to hold
the number of free parameters in the models smaller than the number of data points to be
fitted (i.e., the 16 pattern frequencies). In a later section (Multinomial Models, Alternate
Take) I will relax this assumption.

The first decision in the processing tree of all models discussed here is whether partic-
ipants choose to reason or to guess. If they choose to reason (with probability r), then in



Fig. 1. Multinomial processing-tree model for the mental-model theory, original version. Parameters:
r = probability of engaging in reasoning; f = probability of fleshing out the original model by adding the
:p & :q model; a = probability of adding the :p & q model; e = probability of adding the exception to the
conditional, p & :q, as a model; g = probability of accepting an inference through guessing.
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the processing tree for MM-original their reasoning starts from a state where the major
premise is represented by a single mental model of the p & q conjunction. This is the min-
imal representation assumed by the model theory for a conditional premise. The second
decision is whether this representation is extended by adding a model of the :p & :q con-
junction (parameter f for fleshing out the implicit model). This might happen spontaneous-
ly every time the conditional premise is read, thereby reflecting the interpretation of the
conditional premise as a biconditional (Klauer & Oberauer, 1995). Alternatively, con-
structing the :p & :q model might occur only in response to a minor premise involving
a negation (i.e., in the cases of MT and DA). My formalization does not distinguish these
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possibilities because for MP and AC inferences, the predicted responses are the same
regardless of whether or not the :p & :q model has been generated.

The third decision in the processing tree is whether a model of the :p & q conjunction
is constructed. This model would be a result of the search for counterexamples in DA and
AC inferences. In the original model theory as formulated by Johnson-Laird et al. (1992)
the search for counterexamples involves only testing whether alternative models are con-
sistent with the premises. Schroyens and Schaeken (2003) developed an extended notion of
search for counterexamples that takes knowledge about the contents of a conditional into
account. Counterexamples are assumed to be retrieved from long-term memory (see also
Markovits & Barrouillet, 2002), and they can violate the premises. With this modification,
the model theory of conditional reasoning ceases to be a theory of purely deductive rea-
soning. Instead, people are assumed to draw on their knowledge about the concepts
involved in the premises, even to the point where they disregard the information given
in the premises. Numerous findings of content effects on conditional reasoning (e.g.,
Byrne, 1989; De Neys, Schaeken, & d’Ydewalle, 2003; Markovits & Potvin, 2001) support
this modification. The recent version of the model theory of conditionals by Johnson-
Laird and Byrne (2002) embraces the effect of knowledge for non-basic conditionals,
the representation of which is subject to semantic or pragmatic modulation, including
modulation in response to factual knowledge associated with the content and context of
a conditional. I therefore follow Schroyens and Schaeken (2003) in assuming that counte-
rexamples are at least sometimes retrieved from long-term memory, and use a parameter a
(for alternative2) to represent the probability that the :p & q conjunction is represented as
a possible model, regardless of whether that model results from knowledge retrieval or
from considerations of what is consistent with the premise.

A consequence of the shift toward knowledge-based reasoning is the possibility of
retrieving a case of the p & :q conjunction from long-term memory. This conjunction vio-
lates the conditional premise and therefore, in strictly deductive reasoning, should not be
regarded as possible in any of the four inference forms. In my formalization, however,
people represent p & :q as a possibility with probability e (for exception). A strictly
deductive version of the model theory does not require another formalization—it is simply
a special case in which e = 0.

At the end of each path in Fig. 1 the inference pattern predicted from that path is given
by listing the inference forms accepted. For instance, the uppermost path reflects a process
in which the :p & :q model is added to the initial p & q model, the :p & q model is add-
ed, and finally the p & :q model is added, too. The resulting representation includes all
four cases of the truth table as explicit models—this corresponds to the ‘‘tautological’’
interpretation of conditionals in Johnson-Laird and Byrne (2002)—and nothing can be
inferred from this set of models, even after taking into account the minor premise. There-
fore, the predicted pattern is that all four inferences are rejected. As another example, con-
sider the lower path on the reasoning branch. With probability 1 � f the initial model is
not fleshed out, so there is no :p & :q model. The initial p & q model supports the infer-
ence MP, because the minor premise p can be integrated with it, and the conclusion q can
be read off the model, and likewise it supports the inference AC because the minor premise
2 In research on causal conditionals (e.g., De Neys et al., 2003), where p is regarded as cause and q as effect,
cases of :p & q are called ‘‘alternative causes’’ because they reflect a cause other than p that has produced q.
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q can be added, and p can be read off the model as conclusion. If the :p & q model is add-
ed (with probability a), it constitutes a counterexample to AC and therefore eliminates this
conclusion. Likewise, if the p & :q model is generated through search for counterexam-
ples in long-term memory (with probability e), it blocks the MP inference. With probabil-
ity (1 � a)(1 � e) none of these two counterexamples is represented as a model, and there is
nothing to block the two conclusions from being accepted, thus resulting in the pattern
MP, AC. The other two inferences, DA and MT, cannot be drawn because the negative
minor premises cannot be integrated with the p & q model, and the :p & :q model is
not available on this branch.

With probability 1 � r, participants run into the guessing path. Guessing is influenced
by only one parameter, a bias toward accepting any given conclusion regardless of the
inference form (parameter g). The probability of each pattern can be computed as the
probability that n out of four conclusions are accepted, with n being the number of con-
clusions accepted in a given pattern. Assuming that participants, when guessing, do so
independently on all four occasions with the same bias, the probability to generate a given
pattern equals gn (1 � g)(4�n). The guessing process could be depicted by a branch with
four binary decision points, each associated with parameter g, and ending in the 16 pat-
terns, but to keep the figure simple I compressed the guessing branch into a single line.

2.3. Version 2: Mental models with directionality

An early criticism of the model theory of conditional reasoning has been the lack of
directionality in its representations (Evans, 1993). Assuming a directional arrow from
the antecedent to the consequent, Evans (1993) has argued, would help to accommodate
differences in people’s judgments on reasoning problems involving ‘‘If p then q’’ and prob-
lems involving ‘‘p only if q.’’ According to formal logic, both statements have the same
truth conditions (i.e., they are false only when p is the case and q is not), but with ‘‘only
if’’ people are more willing than with ‘‘if. . .then’’ to draw backward inferences (i.e., infer-
ences from minor premises ‘‘q’’ or ‘‘not q’’), and less willing to draw forward inferences
(i.e., those with minor premises ‘‘p’’ or ‘‘not p’’). Evans therefore proposed that people pre-
fer drawing inferences that follow the directionality of the mental models, which runs from
the antecedent (i.e., the proposition following the ‘‘if’’) to the consequent. Direct evidence
for directionality in conditionals (and other representations used in deductive reasoning)
has been obtained in several experiments using response latencies (Barrouillet, Grosset,
& Lecas, 2000; Oberauer, Hörnig, Weidenfeld, & Wilhelm, 2005; Oberauer & Wilhelm,
2000). These authors also discuss how the directionality assumption fits conceptually into
the theory of mental models.

I therefore developed a variant of the formalization of the model theory that includes
directionality and hence is called MM-directionality. This model, depicted as a processing
tree in Fig. 2, is equivalent to MM-original with one additional assumption: All models are
assumed to have an inherent directionality from the antecedent variable (i.e., p or :p) to
the consequent variable (i.e., q or :q). In the second step of the three-step inference pro-
cedure specified by the mental-model theory, conclusions are generated from the models
only in the direction following the inherent directionality. For instance, the initial model
p & q only supports the conclusion q from the minor premise p (as in MP), but not the
conclusion p from the minor premise q (as in AC). With a probability captured by param-
eter d (for directionality), however, reasoners overcome this limitation and convert their



Fig. 2. Multinomial processing-tree model for the mental-model theory with directionality. Arrows represent the
directionality of mental models. Parameters: r = probability of engaging in reasoning; f = probability of fleshing
out the original model by adding the :p & :q model; a = probability of adding the :p & q model;
e = probability of adding the exception to the conditional, p & :q, as a model (the p & :q conjunction is
retrieved from memory and therefore is not directional); d = probability of reversing the directionality;
g = probability of accepting an inference through guessing.
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directional models into bidirectional, or non-directional, models. When this happens, the
same conclusions can be drawn from each set of models as in the original model theory.
The original model theory, therefore, is a special case of the variant with directionality,
generated by setting d = 1.

3. The suppositional theory

The suppositional theory advanced by Evans and Over (2004) makes three basic
assumptions. First, conditionals are interpreted as expressing a high conditional probabil-
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ity of the consequent, given the antecedent (cf. Evans, Handley, & Over, 2003). Second,
people often expand the given premises by pragmatic implicatures, that is, inferences invit-
ed by the content and context of an utterance. For instance, when given the conditional ‘‘If
you surpass the speed limit then you will get a ticket,’’ most people will understand this as
indirectly expressing the inverse, too: ‘‘If you don’t surpass the speed limit, then you will
not get a ticket,’’ although this is not a logically valid inference. Third, two systems of rea-
soning generate a response to a reasoning problem. System 1 is described as heuristic, con-
text-dependent, fast, and automatic, whereas System 2 is characterized as analytic,
context-independent, slow, and controlled (Stanovich & West, 2000). Whereas System 1
takes the liberty to add pragmatic implicatures and background knowledge to the given
premises, System 2 adheres to the principles of deductive reasoning and uses only the
information explicitly given.

System 1 is limited in its inferential powers, it generates only the conclusion that
immediately follows from the representation of a conditional as a conditional probabil-
ity: The statement ‘‘If p then q’’ means that P(qŒp) is high, and a person’s degree of
belief in that conditional equals her or his subjective value of P(qŒp). Given a minor pre-
mise p in addition to ‘‘If p then q,’’ System 1 sets the probability of q to P(qŒp), and
hence MP is accepted with about the same degree of belief as the reasoner has in the
conditional premise itself. System 1 can only generate MP inferences and therefore is
bound to reject the other three inferences, except in cases where it has generated addi-
tional conditional premises through pragmatic implicature. Given the premise ‘‘If p then
q,’’ System 1 can add the converse ‘‘If q then p,’’ or add the inverse ‘‘If not p then not
q,’’ or both. By adding the converse of the inverse, or the inverse of the converse, it can
even arrive at the contraposition, ‘‘If not q then not p.’’ Applying the MP inference sche-
ma to these additional premises results in accepting the conclusions of AC (=MP from
the converse), DA (=MP from the inverse), and MT (=MP from the contraposition).
The inferences accepted by System 1 therefore depend on the additional conditionals
it endorses through pragmatic implicatures.

System 2 uses reasoning tactics to derive conclusions beyond MP. In particular, it
can derive MT by a suppositional line of proof: The proof starts by hypothetically sup-
posing that p is true. This supposition, together with the conditional premise, yields the
conclusion that q is true through an MP inference. This conclusion contradicts the
minor premise of the MT argument, which is ‘‘Not q.’’ Therefore, the supposition that
led to this contradiction must be false, and this means that ‘‘Not p’’ must be true. This
line of proof is a controlled, resource demanding process that is not guaranteed to suc-
ceed. If it does not, MT is not accepted by System 2. Moreover, System 2 is assumed
to not derive any conclusions that are not warranted by the given premises, so it does
not accept AC or DA.

Evans and Over (2004) did not specify how System 1 and System 2 interact, and which
of them dominates the response eventually given by a person. I see two plausible possibil-
ities. One is that System 1 operates first on the initial representation of the premises,
because System 1 is faster than System 2. System 2 would then take the output of System
1, that is, the original premise as well as the added pragmatic implicatures, and attempt to
generate conclusions from them through suppositional proof. I will formalize this idea as
the sequential variant. An alternative is that the two systems are mutually exclusive, so
that only one can operate on any given problem. This will be formalized as the exclusive
variant of the suppositional theory.
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3.1. The sequential variant

The sequential variant is illustrated in Fig. 3. As in the formalizations of the mental-
models account, the first decision is whether participants reason or guess. If they reason,
the next decision is whether their degree of belief in the conditional is sufficiently high to
warrant any conclusion. This is determined by parameter b (for belief). With probability
1 � b, they disbelieve the conditional premise and hence reject all conclusions. In experi-
Fig. 3. Multinomial processing-tree model for the suppositional model, sequential version. Supp p stands for a
supposition of p to prove :p, using the given conditional; Supp q stands for a supposition of q to prove :q, using
the converse. Parameters: r = probability of engaging in reasoning; b = probability of believing the conditional to
a degree that warrants inferences from it; c = probability of adding the converse as pragmatic implicature;
i = probability of adding the inverse as pragmatic implicature; s = probability of conducting a successful
suppositional proof starting from p; s* = probability of a successful suppositional proof starting form q;
g = probability of accepting an inference through guessing.
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ments using basic conditionals and instructions to take the premises as given, I assume
that participants have no reason to doubt that the conditional is true, so I fixed b to 1.

Following the branch where participants believe the given conditional, the next two
choice points are whether System 1 adds the converse (with probability c), and whether
it adds the inverse (with probability i). Following this, System 1 has the further option
of adding the contraposition. The contraposition is not a direct pragmatic implicature
from the given conditional, but it can be arrived at by adding the converse, ‘‘If q then
p,’’ and then adding the inverse of the converse, ‘‘If not q then not p.’’ A second path
to the contraposition is by first adding the inverse of the original premise and then adding
the converse of the inverse. If System 1 has added both the inverse and the converse to the
original conditional—as reflected by the uppermost path in Fig. 3—then both options are
available. The probability of adding the contraposition, given the System has already add-
ed the converse and the inverse, can now be computed as the probability of adding the
inverse of the converse, i, plus, in the case where this did not happen (1 � i), the probabil-
ity of adding the converse of the inverse, c. These equations assume that the probability of
adding the converse of any conditional already represented as believable is a constant cap-
tured by c, and likewise the probability of adding the inverse is a constant i, regardless of
whether the inverse is added to the conditional originally given or to one already generated
as an implicature. These simplifying assumptions are necessary to keep the number of free
parameters manageable.

After System 1 has finished adding further conditionals to the given premises, it derives
all conclusions that follow from them through the MP schema without effort, that is, with
a probability of 1. Furthermore, System 2 applies its procedure for suppositional proof to
the original conditional and all additional conditionals generated by System 1. This essen-
tially means deriving the MT inferences from each conditional currently represented as
believed. For instance, the suppositional proof can be applied to the converse ‘‘If q then
p,’’ together with the minor premise ‘‘Not p,’’ to generate the conclusion ‘‘Not q.’’ In this
way, the suppositional proof can be used to derive the DA conclusion corresponding to
the original conditional premise. The probability that a suppositional proof succeeds is
captured by parameter s. As can be seen in Fig. 3, several branches end with three or four
believed conditionals after System 1 has done its work, so there are potentially three or
four suppositional proofs to consider. In most cases, however, the result of such a proof
is the same as the result of a direct inference (already done by System 1) from another con-
ditional in the believed set, and in these cases the suppositional proof is not represented in
the formalization because it cannot increase the probability of that conclusion being
accepted. There are two cases, however, where the supposition of p together with the ori-
ginal conditional can be used to derive ‘‘Not q,’’ and the supposition of q together with the
converse can be used to derive ‘‘Not p,’’ thereby leading to acceptance of MT and DA,
which are not directly inferred by System 1. In these cases there are two further decision
points concerning success or failure of the two suppositional proofs. In the figure I
assigned parameter s to proofs using supposition p and the original conditional, and
parameter s* to proofs using supposition q and the converse.

3.2. The exclusive variant

In the exclusive variant, after deciding to reason and to believe the conditional, the next
decision point on the reasoning branch concerns whether a person reasons on the basis of
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System 1 or System 2 (parameter m for mode of reasoning). If System 1 is chosen, the next
decisions are what pragmatic implicatures to endorse, as in the sequential model. After
System 1 finished adding conditionals to the premises, it generates the direct inferences
available through the MP schema from all the conditionals believed at this state. No other
conclusions can be derived by System 1, so the person rejects all the remaining conclu-
sions. When choosing System 2, reasoning is strictly deductive. System 2 accepts MP from
the given conditional and attempts to construct a proof for MT through supposition. The
suppositional proof succeeds with probability s. Neither DA nor AC can be derived by any
proof, so they are rejected (see Fig. 4).
Fig. 4. Multinomial processing-tree model for the suppositional model, exclusive version. Parameters:
r = probability for engaging in reasoning; b = probability of believing the conditional to a degree that warrants
inferences from it; m = probability of using System 1 for evaluating the inferences; c = probability of adding the
converse as pragmatic implicature; i = probability of adding the inverse as pragmatic implicature; s = probability
of conducting a successful suppositional proof, using the given conditional; g = probability of accepting an
inference through guessing.
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4. The dual-process theory of Verschueren et al. (2005)

As described above, the suppositional theory includes the assumption that conditional
reasoning rests on two systems that engage in different processes. Another version of a
dual-process theory has been proposed by Verschueren et al. (2005). Their theory is a
hybrid between the System 1 as described by Evans and Over (2004), and the theory of
mental models as specified by Schroyens and Schaeken (2003). The heuristic process is
assumed to use a representation of the conditional as expressing a high conditional prob-
ability of the consequent, given the antecedent. This representation immediately suggests
MP inferences by assigning the conclusion q a high probability when p is given as a minor
premise. The heuristic process works on an interpretation of the given conditional that
includes pragmatic implicatures as suggested by content and context, and derives all con-
clusions from it that can be derived through the MP schema. The analytic process, on the
other hand, operates on mental model representations in the way explained above in the
context of the mental-model theory.

I formalized the dual-process theory of Verschueren and colleagues by combining
the System 1 branch from the suppositional model (exclusive version) and the reason-
ing branch from MM-original (see Fig. 5). The two branches are combined in an exclu-
sive fashion, such that participants decide early on whether they use the heuristic
process or the analytic, model-based process for all four inference forms. This decision
is captured by parameter m. The dual-process model therefore is a descendant of the
exclusive version of the suppositional model, with two changes. One is that System
2 is assumed to be a model-based system instead of a proof-based system. The other
is that I dropped the option of not believing the conditional (parameter b) to keep
the number of free parameters within reasonable bounds. The dual-process theory also
is a relative of MM-original—MM-original is a special case of the dual-process model
in which m = 0.

5. The probabilistic model

The probabilistic model of inference from conditionals presented by Oaksford et al.
(2000) is based on the assumption that people accept a conclusion in proportion to their
subjective conditional probability of the conclusion, given the minor premise. Oaksford
and colleagues formalized the theory on the basis of a contingency table described by three
parameters, a for the marginal sum of all p cases, b for the marginal sum of all q cases,
and e for the probability of an exception to the conditional rule, that is, P ð:qjpÞ. The
contingency table is reproduced here as Table 2. The conditional probabilities can then
be written as follows:

MP : PðqjpÞ ¼ 1� e; ð1aÞ
AC : P ðpjqÞ ¼ að1� eÞ=b; ð1bÞ
DA : Pð:qj:pÞ ¼ ð1� b� aeÞ=ð1� aÞ; ð1cÞ
MT : Pð:pj:qÞ ¼ ð1� b� aeÞ=ð1� bÞ: ð1dÞ

These equations are not meant to predict directly the probability of accepting an
inference. Oaksford and Chater (2003) pointed out that they understand their model
as a formalization of a rational theory of inference on the computational level, which



Fig. 5. Multinomial processing-tree model for the dual-process model. Parameters: r = probability for engaging
in reasoning; m = probability of using System 1 (probabilistic system) for evaluating the inferences;
c = probability of adding the converse as pragmatic implicature; i = probability of adding the inverse as
pragmatic implicature; f = probability of adding the :p & :q mental model; a = probability of adding the
:p & q mental model; e = probability of adding the exception model p & :q; g = probability of accepting an
inference through guessing.

Table 2
The contingency table for a conditional rule according to Oaksford et al. (2000)

q Not q

P a(1 � e) ae
Not p b � a(1 � e) (1 � b) � ae

252 K. Oberauer / Cognitive Psychology 53 (2006) 238–283



K. Oberauer / Cognitive Psychology 53 (2006) 238–283 253
has to be translated into a psychological theory of cognitive processes on the algo-
rithmic level by additional assumptions. No such assumptions are available yet from
these authors, so I had to specify them myself. In doing so I tried to be as parsimo-
nious as possible, adding just a few very general assumptions about cognitive
processes.

It is tempting to simply fit the equations of Oaksford et al. (2000) to the relative
frequencies of the 16 patterns in the population. This essentially means treating the
population as if it were a single subject deciding about each inference independently
on the basis of a single set of parameters. This procedure would ignore the correlations
between acceptance or rejection of individual inferences that the model of Oaksford
et al. predicts in a population. Each parameter enters into more than one equation,
so when the parameters vary across people, these people’s tendencies to accept or reject
individual inferences are bound to covary. For example, a person with a relatively low
value of e will have a high acceptance rate of MP, but also a relatively high acceptance
rate of the other three inferences, compared to a person with high value of e but the
same values of a and b.

I therefore chose a more complex approach that integrates over the joint distributions
of the three parameters in the population. The procedure was as follows. I assumed that
each individual can be characterized by three latent variables Ai, Bi, and Ei, which are
normally distributed in the population with means A, B, and E, and a common standard
deviation r, and are uncorrelated. These latent variables can be interpreted as people’s
degrees of belief in p, in q, and in not q, given p, respectively. They are translated into
subjective probabilities (i.e., the parameters used by Oaksford and colleagues) by logistic
functions:

ai ¼ 1=½1þ expð�AiÞ�; ð2aÞ
bi ¼ blow þ ðbhigh � blowÞ=½1þ expð�BiÞ�; ð2bÞ
ei ¼ 1=½1þ expð�EiÞ�: ð2cÞ

Whereas a and e can range from 0 to 1, the range of b is restricted by a and e: the lower
boundary for b is blow = a(1 � e), and its upper boundary is bhigh = 1 � ae. Values exceed-
ing these boundaries result in conditional probabilities outside the range of 0 and 1 when
used in the equations of Oaksford et al. (2000). From these parameters, the subjective
probabilities of the conclusions in the four inference patterns can be computed for each
participant by Eqs. (1a)–(1d).

The next step is to translate the subjective probabilities assigned to conclusions into
probabilities of accepting an inference. This is where the computational model of
Oaksford et al. needs to be enriched by psychological assumptions to turn it into an
algorithmic model. The simplest assumption is that the probability of accepting a conclu-
sion equals the subjective probability of that conclusion, given the premises, for instance,
P(MP) = P(qŒp) = 1 � e (Eq. (1a)), and likewise for the other three inferences, using
Eqs. (1b)–(1d). This implies a kind of probability matching on the side of reasoners: Their
relative frequency of selecting (i.e., evaluating as true) an inference matches their subjec-
tive probability of success (i.e., being right in taking the inference as true). This assump-
tion results in my Version 1 of the probabilistic model. Other algorithms for determining
inference acceptance from subjective probabilities are possible, of course, and I will use
one of them later to develop Version 2.
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The pattern of inferences can be expressed as a four-dimensional vector V with accep-
tance of each inference coded as 1 and rejection as 0. The probabilities for each inference
pattern, given a set of parameter values, can now be calculated by

P ðV jai; bi; eiÞ ¼ PvjP ðCjÞ þ ð1� vjÞ½1� PðCjÞ�; ð3Þ
where vj refers to the acceptance or rejection of inference j in the pattern V, and Cj refers to
the corresponding conclusion j; multiplication runs over the four values of j corresponding
to the four inferences. I use P(Cj) here as short form for the probability of conclusion Cj

given a set of parameters, P(Cj Œ ai, bi, ei). For example, the probability of pattern
V = [10 01], that is, acceptance of MP and MT, but rejection of AC and DA, can be
expressed as:

P ð½1001�jai; bi; eiÞ ¼ P ðMPÞ½1� P ðACÞ�½1� P ðDAÞ�PðMTÞ: ð30Þ
Since the parameters ai, bi, and ei are derived from the corresponding latent variables, we
can also write the left side of Eq. (3) as P(V ŒAi, Bi, Ei). To obtain the probability of an
inference pattern in a population of people with values of Ai, Bi, and Ei drawn from nor-
mal distributions, we need to integrate over the possible values of these variables:

P ðV jA;B;E; rÞ ¼
Z Z Z

NðAi; A; rÞNðBi; B; rÞNðEi; E; rÞP ðV jAi;Bi;EiÞdA; dB; dE;

ð4Þ
where N(Ai;A,r) represents the normal probability density function with mean A and stan-
dard deviation r evaluated at Ai, and analogous for Bi and Ei. The integrations run from
minus infinity to infinity. The integral expresses the probability of a pattern V given every
possible combination of Ai, Bi, and Ei, where each possible combination is weighted by the
probability density of that combination in the three-dimensional normal distribution of
the latent variables in the population. There is one such integral for each of the 16 patterns
V. Details of how I solved the integrals are given in Appendix A.

I used Eq. (4) to compute predicted probabilities of the 16 inference patterns, multiplied
them with the total number of responses to obtain predicted frequencies, and fitted them
to the observed responses, adapting A, B, E, and r as free parameters. The fitting was done
by minimizing G2 through the simplex algorithm implemented in Matlab. The estimated
parameters A, B, E were standardized using the estimate of r. From these estimated latent
variables I computed the estimated mean parameters of the Oaksford et al. model, a, b,
and e, using Eqs. (2a)–(2c).

Version 2 of the probabilistic model was obtained by making a somewhat more com-
plex but probably more realistic assumption about how subjective probabilities of infer-
ences are translated into probabilities of accepting these inferences. The assumption is
that an inference is accepted if its subjective probability surpasses a threshold s and reject-
ed otherwise. The threshold s is a fourth parameter that is derived from a normally distrib-
uted latent variable T by

si ¼ 1=½1þ expð�T iÞ�: ð2dÞ
In Version 2, the probabilities of accepting each inference are not identical to the subjec-
tive probabilities of these inferences as computed by Eqs. (1a)–(1d). To derive the former
from the latter I used once again logistic functions, because these functions express the
probability that a given value P(x) surpasses a threshold s:
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P ðMPÞ ¼ 1=½1þ expð�ðPðqjpÞ � siÞcÞ�; ð5aÞ
P ðACÞ ¼ 1=½1þ expð�ðP ðpjqÞ � siÞcÞ�; ð5bÞ
P ðDAÞ ¼ 1=½1þ expð�ðPð:qj:pÞ � siÞcÞ�; ð5cÞ
P ðMTÞ ¼ 1=½1þ expð�ðPð:pj:qÞ � siÞcÞ�: ð5dÞ

Again, the probabilities in Eqs. (5a)–(5d) are short notations for probabilities given a set
of parameters of an individual, ai, bi, and ei. The steepness of the logistic functions in Eqs.
(5a)–(5d) is determined by a gain parameter c, which I set to 20 to obtain a fairly steep
threshold function. The probabilities for accepting individual inferences were then used
for Eq. (3) as in Version 1 to compute the probabilities of inference patterns. Eq. (4) must
be replaced by an expression that integrates over four parameters, including T:

P ðV jA;B;E; T ; rÞ ¼
Z Z Z Z

NðAi; A; rÞNðBi; B; rÞNðEi; E; rÞNðT i; T ; rÞ

� PðV jAi;Bi;Ei; T iÞdA; dB; dE; dT : ð6Þ

The fitting procedure was the same as for Version 1, with one exception. I noticed that
with this model version, the fitting algorithm often resulted in different parameter esti-
mates depending on the starting values, suggesting that the parameter space has several
local minima from which the algorithm does not reliably recover. The fitting process with
the simplex algorithm was therefore preceded by a grid search to obtain start values for the
parameters that are close to the global minimum. The grid search evaluated G2 for all pos-
sible combinations of parameter values obtained by varying a, b, e, and s from 0.05 to 0.95
in increments of 0.1, and r from 0.1 to 1.9 in increments of 0.2. The parameter combina-
tion with the lowest G2 was used as the set of start parameters.

6. The data sets

The formal models described above were fit to two data sets from two internet exper-
iments, one conducted with basic conditionals with an arbitrary relationship between
antecedent and consequent, and the other using non-basic conditionals with causal and
non-causal relationships between antecedent and consequent.

6.1. Data Set 1: Basic conditionals

6.1.1. Method

The first data set was obtained through an internet experiment in which participants
were asked to evaluate the set of four inference forms (see Table 1) twice, for two basic
conditionals. One conditional was ‘‘If the square is red, then the circle is white,’’ and
the other was ‘‘If the card shows an M on the front side, then it has a 3 on the back side.’’
The four inference forms for each conditional were presented in random order on one
page. Each inference form was headed by the instruction: ‘‘Assume that the sentences
above the line are true. Does it follow necessarily that the sentence below the line is true?’’
The conditional premise and the minor premise were printed next, each in a single line,
followed by the conclusion. The premises and the conclusion were separated by a contin-
uous line. Below each conclusion were two radio buttons labeled ‘‘follows’’ and ‘‘does not
follow,’’ one of which had to be chosen.
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The experiment started with a brief general instruction and one example of a MP infer-
ence. On the next page, the four inferences with the first conditional were displayed. After
evaluating all four inferences, participants moved to the next page by clicking on a button
labeled ‘‘next,’’ and worked on the four inferences with the second conditional. The order
of the two conditionals was determined at random for each participant. After the second
page with inferences, there was a page for collecting demographic information, followed
by a debriefing page.

After removing incomplete data sets and data sets from any IP number that had already
been used before in this experiment, data from 343 participants remained (138 male, 199
female, 6 not responding to this question; mean age 28 years, range 12–65). Educational
level was assessed by four categories: high school not (yet) completed (58), vocational
training (60), high school degree (120), and college degree (97).

6.1.2. Results

The mean proportions of acceptance of individual inferences reflect the typical pattern
with basic conditionals: 97% for MP, 44% for AC, 38% for DA, and 57% for MT. The
within-subjects replication in this experiment afforded investigating how consistent people
were in their response patterns with two basic conditionals. Only a minority of people
changed their minds between conditionals on how to evaluate the same inference: 4%
on MP, 21% on AC, and 23% on both DA and MT; 55% of participants produced the
same response pattern for both conditionals. The correlations (Phi coefficients) between
judgments on corresponding inference forms were .33 for MP, .58 for AC, .52 for DA,
and .54 for MT. When participants changed their minds, there was no discernible direction
between the first and the second conditional they evaluated. When the two contents were
compared, only one difference became significant in a sign test: More DA inferences were
accepted with triangle-square conditionals (42%) than with card-number conditionals
(35%), Z = 2.5, p = .013.

The correlations (Phi coefficients) between different inference forms within a condition-
al are presented in Table 3. People who accept AC also tended to accept DA, and there
were also small positive correlations between DA and MT. No correlations involving
Table 3
Correlations (Phi coefficients) between acceptance of inference forms with the same conditional as premise

MP AC DA MT

Data Set 1

MP �.01 �.10 .02
AC .06 .49 .22
DA 0 .44 .28
MT �.02 .19 .37

Data Set 2

MP �.04 .13 .38
AC .07 .50 .18
DA .23 .53 .15
MT .44 .23 .25

Note: For Data Set 1, correlations above the diagonal refer to the triangle-square conditional, correlations below
the diagonal to the card-number conditional. For Data Set 2, correlations above the diagonal refer to the
deduction instruction group, correlations below the diagonal to the induction instruction group.
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MP became significant because acceptance of this inference form was nearly universal,
leaving little variability.

The distributions of frequencies across the 16 response patterns are given in the first two
columns of Table 4. I tested for a statistical difference between the distributions by using
the distribution of one conditional to predict the distribution of the other and calculating
G2 as an index of deviation. G2 is a Maximum-Likelihood statistic approximating the v2

distribution, it is the most common index of fit for evaluating multinomial models
(Hu & Batchelder, 1994); a significant G2 value reflects a significant deviation of the data
from the predictions. The differences between the two distributions in Data Set 1 just failed
to be significant by conventional standards, G2 (15) = 24.5, p = .06. With an N as in the
present data set this points to a remarkable degree of consistency between the two distri-
butions. For the purposes of model evaluation I therefore pooled the data from the two
conditionals, treating each response pattern as a case. Each participant contributed two
patterns, so that the N of patterns was 686.

6.2. Data Set 2: Pseudo-naturalistic causal and non-causal conditionals

The second data set was taken from a previous study (Weidenfeld, Oberauer, & Hörnig,
2005). It consists of inference evaluations from 1068 participants in an internet experi-
ment, divided into two groups. The deduction group received traditional deductive
instructions, stressing that the premises have to be taken as given and the necessity
of the conclusion was to be evaluated, whereas the induction group received the instruc-
tion to evaluate the overall plausibility of the argument. The material consisted of 9
Table 4
Frequencies of response patterns in the basic and the pseudo-naturalistic data set

Pattern Basic Pseudo-naturalistic

TS CN DF DB DN IF IB IN

All 4 88 82 142 130 93 145 126 85
MP,AC,DA 14 5 28 29 18 28 26 14
MP,AC,MT 16 17 17 27 14 18 16 15
MP,AC 32 39 26 21 20 13 17 24
MP,DA,MT 12 15 26 20 24 30 7 16
MP,DA 21 14 35 45 39 19 25 26
MP,MT 71 80 118 95 119 87 64 69
MP 77 80 79 62 75 37 39 49
AC,DA,MT 1 0 8 12 2 12 11 9
AC,DA 3 0 21 38 20 24 46 12
AC,MT 1 2 7 11 8 12 16 8
AC 1 1 12 26 13 11 32 11
DA,MT 3 3 1 1 2 4 5 6
DA 1 1 4 8 5 2 1 5
MT 1 2 3 5 6 4 4 4
None 1 2 30 27 97 36 47 129
N 343 343 557 557 555 482 482 482

The two conditionals evaluated in Data Set 1 (basic) are designated by TS = triangle-square, and CN = card-
number. The six conditions of Data Set 2 (pseudo-naturalistic) are DF = deductive, forward causality;
DB = deductive, backward causality; DN = deductive, no causality; IF = inductive, forward causality;
IB = inductive, backward causality; IN = inductive, no causality.
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pseudo-naturalistic conditionals and their converses, each embedded in a context story to
make it plausible, although the content itself was not associated to any real objects or
events. For example, one conditional was, ‘‘If the Pherotelia blooms, then there are blue-
point beetles on it.’’ Both the plant Pherotelia and the blue-point beetles are made up, so
participants could not bring any specific knowledge to bear on the conditional. For each
conditional there were three variants of the context story, one describing the antecedent
as the cause of the consequent (forward causal), one describing the consequent as the cause
of the antecedent (backward causal), and one suggesting no causal link between antecedent
and consequent (non-causal). Each participant evaluated three different conditionals drawn
at random from the pool, one of which was given together with its forward-causality story,
one together with its backward-causality story, and the third with the non-causal story. The
three conditionals were presented in random order, and participants evaluated the four
inference forms from Table 1 for each conditional, in counterbalanced order.

For the present purposes I treated each set of four inference evaluations belonging to
the same conditional as one data set, corresponding to one response pattern. Patterns were
grouped by instruction (deductive vs. inductive) and causality (forward, backward, and
non-causal), yielding six samples of patterns. Within each sample no two patterns were
created by the same participant. The models were fit separately to the frequency distribu-
tions of each sample. Table 3 shows the correlations (Phi coefficients) between acceptances
of individual inferences. Besides the substantial correlation between AC and DA already
familiar from Data Set 1, there was a nearly equally large correlation between MP and MT
in this data set.

Table 4 presents the frequencies of response patterns in the six samples. Fig. 6 provides
a comparison of the probabilities of the six response patterns between the two data sets,
using only the deduction group from Data Set 2 because it shares the type of instruction
with Data Set 1. The distributions of response patterns differ markedly between basic and
pseudo-naturalistic conditionals. With the basic conditionals participants rarely produced
patterns in which MP was not accepted. With the pseudo-natural conditionals, in contrast,
a substantial proportion of patterns did not include MP, and in particular there was a high
frequency of the pattern of rejecting all four inferences.
Fig. 6. Probability distribution of the 16 response patterns in the two data sets.



Fig. 7. Probability distributions of the 16 response patterns in Data Set 2. Top panel: comparison of deduction
and induction group; bottom panel: comparison of conditionals with forward causality, backward causality, and
no causality introduced through the context story.
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The reluctance to accept the logically valid inferences—most notably MP—was even
more pronounced in the group receiving inductive instructions, as shown in the top panel
of Fig. 7. The bottom panel of Fig. 7 shows that rejection of all inferences was most pre-
valent with pseudo-naturalistic conditionals lacking a causal link between antecedent and
consequent.3 Weidenfeld et al. (2005) analyzed these data in the context of other informa-
tion about the conditionals and their context stories, predicting whether the logically valid
inferences MP and MT were accepted with a given conditional as premise. Besides the
presence or absence of a causal link, the most powerful predictor was how many counte-
rexamples (i.e., cases of true antecedent and false consequent) people could imagine for the
conditional.

A further conspicuous feature of the data in Fig. 7 (bottom panel) is the relatively high
frequency of the AC, DA pattern, as well as AC only pattern, with backward causal con-
ditionals. Weidenfeld et al. (2005) explained this observation by assuming that with back-
3 All pair-wise differences of frequency distributions between samples in the pseudo-naturalistic data set were
significant, minimum G2 (15) = 51.4, p = 8 · 10�7.
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ward causality some participants convert the given conditional ‘‘If p then q’’ into ‘‘If q then
p,’’ thereby aligning the directionality of the conditional with the direction of causality.
After this conversion, AC corresponds to MP, and DA corresponds to MT, so the two
aberrant patterns correspond to two very common patterns (MP, MT, and MP only) after
conversion of the conditional premise.

7. Model fits

The multinomial models were fit to the data in Table 4 (summing the first two columns
for Data Set 1) with the CNLR procedure of SPSS 12, minimizing G2 (Hu & Batchelder,
1994). In applying the two suppositional models to Data Set 1 (basic conditionals) I fixed
parameter b to 1 because with basic conditionals and deduction instructions participants
have no reason to disbelieve the conditional premise. For Data Set 2 (pseudo-naturalistic
conditionals), however, participants are assumed to assess the believability of the condi-
tional premise on the basis of potentially relevant knowledge. This could have led some
participants to assign the conditional premise low believability, and therefore reject all
conclusions from it. Therefore, I tested the models once with b left free and once with b

fixed to 1. In the dual-process model I omitted the b parameter for parsimony. In this
model, a low degree of belief in the conditional could only be captured by a high e param-
eter, reflecting a high probability of representing an exception to the conditional rule (i.e.,
the p & :q case) as a possibility. Representing exceptions as possible cases goes against the
deductive instruction (i.e., to take the premises as granted), and there is no reason why
participants should violate this instruction in the experiment with basic conditionals. With
the pseudo-naturalistic conditionals, in contrast, people are assumed to draw on knowl-
edge even when instructed to reason deductively, so it is likely that they occasionally
retrieve exceptions (Weidenfeld et al., 2005). Therefore, I fixed parameter e to 0 for the
basic conditionals but left it free for the pseudo-naturalistic conditionals.

Table 5 gives an overview of the fit indices; lower G2 values reflect better fits. The esti-
mated parameter values are given in Table 6 for the two versions of the MM-models, in
Table 5
Fit indices of the models

df Basic Pseudo-naturalistic

DF DB DN IF IB IN

MM original 10 108.55 85.11 107.05 98.46 38.79 71.00 53.57
MM + directionality 9 46.43 28.35 49.29 48.91 25.45 57.42 40.05
Suppositional sequential 9/8 123.36 88.74 113.53 106.53 61.87 125.68 123.73

77.92 112.28 68.20 35.68 116.67 45.38
Suppositional exclusive 9/8 59.14 88.64 106.31 87.04 76.15 133.11 108.96

71.65 102.20 49.82 34.13 113.92 31.06
Dual-process 8/7 5.56 21.06 39.82 13.58 19.20 43.54 20.05
Probabilistic V1 11 445.9 294.24 253.23 334.06 189.14 251.50 295.52
Probabilistic V2 10 361.02 174.47 158.78 170.31 87.61 130.13 127.39

Note: MM = mental-model theory; samples of pseudo-naturalistic conditionals are denoted by D for deduction and
I for induction, together with F for forward causality, B for backward causality, and N for no causality. Supposi-
tional models with b fixed to 1 for basic conditionals have df = 9, whereas with b left free for pseudo-naturalistic
conditionals, df = 8 (G2 in first row are those with b fixed, second row those with b free). Dual-process model with e

fixed to 0 for basic conditionals have df = 8, but with e left free for pseudo-naturalistic conditionals, df = 7. Values of
G2 larger than 14.1 (df = 7), 15.5 (df = 8), 16.9 (df = 9), or 18.3 (df = 10) are significant at the .05 criterion.



Table 6
Parameter estimates for models of the mental-model theory

Parameter Basic Pseudo-naturalistic

DF DB DN IF IB IN

Original MM theory

r (Reasoning) .66 .57 .51 .63 .48 .60 .57
f (Flesh out) .51 .65 .72 .65 .75 .73 .55
a (Alternative cause) .66 .66 .53 .79 .64 .45 .85
e (Exception) .01 .14 .19 .33 .25 .36 .52
g (Guess) .75 .71 .61 .66 .76 .66 .71

MM with directionality

r (Reasoning) .74 .68 .62 .74 .54 .66 .66
f (Flesh out) .63 .79 .82 .81 .84 .76 .70
d (Reverse direction) .80 .77 .76 .73 .86 .89 .75
a (Alternative cause) .57 .55 .45 .67 .57 .41 .73
e (Exception) .01 .14 .19 .30 .23 .35 .47
g (Guess) .77 .75 .65 .68 .76 .67 .74

Note: MM = mental-model theory; samples of pseudo-naturalistic conditionals are denoted by D for deduction
and I for induction, together with F for forward causality, B for backward causality, and N for no causality.
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Table 7 for the two versions of the suppositional theory, in Table 8 for the dual-process
model, and in Table 9 for the two versions of the probabilistic model.

Across both data sets, the G2 values reflect a poor fit of MM-original, which was much
improved by including directionality. Both versions of the suppositional theory accounted
poorly for the data. The dual-process model had an excellent fit to Data Set 1, and better
fits than all competing models to Data Set 2, but this came at the cost of needing more free
Table 7
Parameter estimates for two model versions of the suppositional theory

Parameter Basic Pseudo-naturalistic

DF DB DN IF IB IN

Sequential version

r (Reasoning) .94 .74 .54 .76 .63 .45 .71
b (Believe conditional) 1 (fixed) .95 .97 .80 .90 .88 .65
c (Converse) .43 .43 .51 .34 .54 .68 .45
i (Inverse) .20 .21 .16 .22 .19 0 .21
s (Supposition from p) .50 .63 .70 .62 .78 .86 .63
s* (Supposition from q) .55 .84 .87 .82 .96 .98 .77
g (Guess) .46 .50 .48 .43 .57 .46 .49

Exclusive version

r (Reasoning) .94 .73 .55 .77 .54 .43 .73
b (Believe conditional) 1 (fixed) .94 .96 .80 .88 .85 .65
m (Use System 1) .61 .56 .60 .53 .54 .61 .61
c (Converse) .71 .69 .69 .58 .88 1 .70
i (Inverse) .57 .80 .85 .78 1 1 .73
s (Supposition) .59 .65 .67 .70 .72 .67 .67
g (Guess) .47 .54 .51 .44 .63 .51 .50

Note: Samples of pseudo-naturalistic conditionals are denoted by D for deduction and I for induction, together
with F for forward causality, B for backward causality, and N for no causality.



Table 8
Parameter estimates for dual-process model

Parameter Basic Pseudo-naturalistic

DF DB DN IF IB IN

r (Reasoning) .94 .81 .69 .87 .66 .66 .77
m (Use System 1) .54 .32 .31 .33 .31 .11 .27
c (Converse) .40 .31 .25 .46 .67 0 .61
i (Inverse) .28 .49 .53 .72 .92 .49 .88
f (Flesh out) 1 .85 .87 .73 .75 .76 .58
a (Alternative cause) .51 .53 .44 .77 .66 .42 .85
e (Exception) 0 (fixed) .17 .22 .34 .26 .40 .52
g (Guess) .49 .64 .57 .42 .69 .70 .59

Note: Samples of pseudo-naturalistic conditionals are denoted by D for deduction and I for induction, together
with F for forward causality, B for backward causality, and N for no causality.

Table 9
Parameter estimates for two versions of the probabilistic model

Parameter Basic Pseudo-naturalistic

DF DB DN IF IB IN

Version 1

a (Probability of p) .47 .45 .52 .37 .44 .59 .41
b (Probability of q) .84 .72 .66 .75 .63 .63 .72
e (Exceptions) .08 .14 .23 .26 .13 .26 .37
r (SD) 1.34 1.56 1.18 1.64 1.99 1.74 2.05

Version 2

a (Probability of p) .38 .57 .67 .54 .54 .70 .58
b (Probability of q) .97 .61 .68 .62 .57 .70 .65
e (Exceptions) 0 .01 .01 .01 .02 .02 .01
s (Threshold) .58 .93 .95 .96 .89 .93 .96
r (SD) 4.51 1.64 1.39 2.32 1.23 1.56 2.57
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parameters than any other model. The probabilistic model gave a poor account of the data
throughout. Nearly all model fits were significant at the .05 criterion, but this is not sur-
prising given the large sample sizes; rejecting a model on these grounds alone would be
unreasonable. More informative than the significance level of model misfits is the relative
degree of fit for competing models, weighed against the number of free parameters the
models have available for fitting the data. Other important sources for evaluating the mod-
els are the profile of deviations between predictions and data (displayed in Figs. 8–11),
whether the parameter estimates are interpretable and compatible with the assumptions
of the theories, and the strength of constraints imposed by a model on the data. I discuss
the models in light of these criteria below.

7.1. Models of the mental-model theory

With a single additional free parameter, MM-directionality yielded much better fits
than MM-original. The latter model is nested in the former (i.e., it is a special case of
the former), so the two can be compared formally by assessing whether the difference



Fig. 8. Frequency distribution of the 16 response patterns and predictions from the two models representing the
mental-model theory. Top panel: Data Set 1; bottom panel: Data Set 2 (inductive instruction, backward
causality).
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between their G2 values is significant, with 1 df for the one additional parameter. The
smallest G2 difference between MM-original and MM-directionality in Table 5 was
13.34 (p = .0003). This means that MM-directionality is statistically superior to MM-
original.

The parameter values estimated for the two MM versions (Table 6) are largely consis-
tent with the theoretical assumptions of the mental-model theory. The probabilities for
fleshing out the initial model by adding the :p & :q model and for adding the :p & q
model (either as a further act of fleshing out or through finding a counterexample to a con-
clusion) both tended to be slightly above .5. The probability to endorse the p & :q model
(parameter e), which conflicts with the conditional premise, was considerably lower.
Parameter e distinguished most between basic and pseudo-naturalistic conditionals.



Fig. 9. Frequency distribution of the 16 response patterns and predictions from the two suppositional models.
Top panel: Data Set 1; bottom panel: Data Set 2 (inductive instruction, backward causality).
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This fits the assumption made in the context of the model theory (Markovits & Barrouillet,
2002; Schroyens & Schaeken, 2003), that p & :q models arise from retrieval of counterex-
amples to MP and MT conclusions from long-term memory. Retrieval of counterexamples
from long-term memory is possible with pseudo-naturalistic conditionals but very unlikely
with basic conditionals. One weakness of the MM models apparent in Table 6 is that a
large proportion of cases (1 � r) was accounted for through the guessing path. This means
that the mental model theory covers only about 50–70% of participants’ response patterns.
This problem was less severe with MM-directionality than with MM-original.

Fig. 8 shows the observed frequencies together with the predictions from the two MM
versions. The top panel displays data and predictions from Data Set 1, and the bottom
panel displays data and predictions from the inductive group with backward causal con-
ditionals from Data Set 2. I chose the latter sample because it displayed the frequency dis-
tribution most different from that in Data Set 1. The top panel of the figure illustrates the
main weaknesses of MM-original in accounting for Data Set 1. This model cannot predict
through the reasoning path any of the patterns in which three conclusions are accepted.



Fig. 10. Frequency distribution of the 16 response patterns and predictions from the dual-process model. Top
panel: Data Set 1; bottom panel: Data Set 2 (inductive instruction, backward causality).
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Three of these patterns—those that include MP—were quite frequent. The model accom-
modated these three patterns through the guessing path. To do so, the r parameter was
estimated to be considerably smaller than one, and the g parameter was larger than .5,
reflecting a bias toward accepting conclusions when guessing. As a consequence, the
fourth three-conclusion pattern (AC, DA, MT) was predicted to be as frequent as the three
including MP, and this led to a serious overprediction of the AC, DA, MT pattern.

A second problem of MM-original was that it cannot predict the MP, DA pattern
through reasoning. The underprediction of this pattern by MM-original directly points
to the merits of including a directionality parameter: In the original model theory, a
mental model that supports MP also supports AC, and a model that supports DA also
supports MT. Moreover, a model that blocks AC also blocks DA, and a model that
blocks MT also blocks MP. Including a directionality parameter relaxes this constraint:
A directional model p fi q supports MP but not AC, and a directional model :p ! :q
supports DA but not MT. The pattern MP, DA can therefore be predicted through a
path where participants construct both these models and fail to reverse the direction-



Fig. 11. Frequency distribution of the 16 response patterns and predictions from the two versions of the
probabilistic model. Top panel: Data Set 1; bottom panel: Data Set 2 (inductive instruction, backward causality).
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ality. Fig. 8 shows that MM-directionality predicts the frequency of the MP, DA
pattern well.

The same was true for the three deduction samples from Data Set 2. For the induction
samples, the MP, DA pattern was less frequent, so that the advantage of MM-directional
over MM-original was less marked. In accounting for the data in the bottom panel of
Fig. 8 (induction sample with backward causality), both MM models did well in predicting
the aberrant patterns AC, DA, and AC only. The parameter estimates in Table 6 show
why: In the two samples with backward causality, the e parameter is set higher than in
the samples with forward causality, and the a parameter is comparatively low. This shift
in the balance between a and e is in line with the idea that some participants converted the
conditional from ‘‘If p (effect) then q (cause)’’ into ‘‘If q (cause) then p (effect).’’ For these
participants the :p & q model is the one that violates the truth conditions of the
conditional, whereas the p & :q model does not. The latter is therefore more likely to
be built than the former and, as a consequence, MP and MT are blocked but AC and
DA are not.
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Both MM-model variants overpredicted the frequency of the MP, AC pattern. Since at
the same time they underpredicted the frequency of All 4, an obvious solution seems to be
to increase the probability that the :p & :q model is constructed (i.e., increase parameter
f), because this model supports the DA and MT inferences. This solution, however, would
reduce the predictions for MP only and AC only from the lower branch of the processing
tree (i.e., the one traveled with probability 1 � f), and these patterns tended to be under-
predicted already. In other words, the MM models were pushed toward assuming that
people flesh out their initial model frequently to account for the high incidence of the
All 4 pattern and the low incidence of the MP, AC pattern, but they were pushed toward
assuming that people often reason on the basis of the initial p & q model by the frequent
occurrence of MP only and AC only patterns. This conflict was not limited to the sample
illustrated in Fig. 8, it was also apparent in the other samples of Data Set 2.

To summarize, MM-directionality clearly outperformed MM-original. MM-direction-
ality gives a reasonable account of the data from both data sets. Its main weakness is that
it has to relegate about 30% of response patterns to the guessing path, which does not
reflect any assumptions from the mental-model theory. I will come back to this problem
after discussing the other models.

7.2. The suppositional models

Both versions of the suppositional model gave less than satisfactory fits to the data. The
exclusive version did clearly better on Data Set 1, but its advantage was less marked on
Data Set 2. The two variants are not nested in each other, so no formal test of the differ-
ences in fit is possible.

As judged from the r parameter values, the two suppositional models could account for
a substantially higher proportion of response patterns in Data Set 1 than the two MM
models, but they did not better in this regard with Data Set 2. Where guessing was
invoked, it was consistently estimated to be unbiased, as reflected in g parameters close
to .5. Two features of the sequential suppositional model are not easy to interpret. One
is that the probabilities of adding the converse and of adding the inverse were no larger
for pseudo-naturalistic than for basic conditionals. If these additions are made through
inferences invited by the content and the context of the conditional, as Evans and Over
(2004) assume, then they should occur rarely with basic conditionals. Among the condi-
tionals investigated here additions of the inverse should be most prevalent with causal con-
ditionals because ‘‘p causes q’’ suggests not only a high conditional probability of the
consequent, given the antecedent, P ðqjpÞ, but also a high value of the inverse Pð:qj:pÞ
(Cheng & Novick, 1992). None of these trends were apparent in the parameter estimates
for the sequential suppositional model, but the exclusive model shows differences in the
expected direction. Still, the probabilities for adding the inverse and the converse to basic
conditionals are unreasonably high.

A second problematic feature of both model variants is that the probability for succeed-
ing with a suppositional proof (parameters s and s*) were consistently higher with pseudo-
naturalistic than with basic conditionals. These parameters are supposed to describe
System 2, which is envisaged as an analytical reasoning system that is largely immune
to content and context variations. If anything, one should expect System 2 to operate more
successfully with basic conditionals, where no irrelevant information from the context sto-
ries and associated knowledge retrieved from memory can draw away cognitive resources.
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Fig. 9 shows the same observed data as in Fig. 8, now with predictions from the two
versions of the suppositional theory. From these figures it is apparent that the problems
of the suppositional models with Data Set 1 complement those of the MM models: The
suppositional models overpredicted the frequency of the three three-conclusion patterns
that included MP. The reason for this is that the models estimated relatively high proba-
bilities for adding both the inverse and the converse. This was necessary to predict the high
frequency of All 4 patterns. Consider, for example, the uppermost branch in the two sup-
positional models, which leads to the All 4 pattern. Three events must occur jointly to gen-
erate the All 4 pattern: Reasoners must add the converse, add the inverse, and add the
contraposition. If only one of these three events fails to occur, the result is a pattern in
which three but not all four conclusions are accepted. The same is true for the other paths
that generate the All 4 pattern in the sequential version. The general problem apparent
here is that the suppositional models generate each individual inference through an event
with its own probability (either the addition of a conditional or the success of a supposi-
tional argument), and the probabilities of these events are mostly independent. The models
therefore fail to fully capture the positive correlations between inferences.

The loci of misfit of the suppositional models to Data Set 2 were more distributed.
Across all six subsamples, both models underpredict the patterns None and AC, DA. They
overpredict DA only, pattern DA, MT, pattern MT only, and MP, DA, MT. The common
source of these problems seems to be that both models cannot fail to accept MP unless
they disregard the given conditional as unbelievable (1 � b), which leads to response pat-
tern None, or else use the guessing path. All patterns with acceptance of some inferences
but not MP must therefore be generated through guessing, which results in overprediction
of the very rare patterns, and underprediction of the patterns without MP that are found
more frequently in the data. In particular, the suppositional models have no means except
guessing to generate the AC, DA pattern, which arguably reflects a subset of partici-
pants—most prevalent in the backward-causality condition—who converted the given
conditional into ‘‘If q then p.’’

I considered solving this problem by allowing the model to accept or reject the original
conditional independent of accepting or rejecting the converse, the inverse, and the contra-
position. This comes down to a model in which all four possible conditionals can be
accepted (and used as premises) or rejected independently. As a consequence, the model
predicts that each inference can be generated independent of every other inference by
application of the MP schema to one of the conditionals. The processes of System 2 would
be redundant, because every inference could be generated by System 1 in any proportion.
On the other hand, the model would predict no systematic correlation between the infer-
ences, contrary to the data. I therefore did not pursue this line further.

7.3. The dual-process model

The dual-process model was able to predict a larger proportion of patterns through rea-
soning as opposed to guessing than all preceding models, although in some subsamples of
Data Set 2 the r parameter still did not exceed 2/3, implying that one third of all data pat-
terns are accounted for by guessing (see Table 8). Some features in the parameter estimates
are difficult to understand. Like in the exclusive version of the suppositional model, Sys-
tem 1 was estimated to account for fewer responses to the pseudo-naturalistic conditionals
than to the basic conditionals, contrary to what one would expect. Another strange feature
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is that the probability to add the converse, parameter c, was set to its lowest value in the
subsamples with backward-causal conditionals. If anything, we should expect the oppo-
site. The model accounts for the increased rate of AC, DA patterns with backward condi-
tionals entirely through the System-2 path, by tuning down parameter a and increasing
parameter e, as in the MM models. The large variation of parameters c and i across the
six subsamples of Data Set 2 suggests that these estimates are not very reliable, probably
because they become relevant only for the small subset of response patterns that are attrib-
uted to System 1. It is noticeable, however, that the probability of adding the inverse, i,
was consistently larger for the pseudo-naturalistic than for the basic conditionals, consis-
tent with the idea that context rich conditionals induce more pragmatic implicatures. No
such trend was observed for c, however.

Fig. 10 shows the same observed data as in the previous figures together with predic-
tions from the dual-process model. The model fit Data Set 1 nearly perfectly. For Data
Set 2 there were deviations from the data, but they were less systematic across the six sub-
samples than for the other models. There was a tendency for underpredicting All four, and
for overpredicting MP, AC. The fitting algorithm could have fixed this by increasing
parameter f (for fleshing out the :p & :q model). This would have engendered more pre-
dicted AC, DA patterns and less AC only patterns, however, and the model already over-
predicts AC, DA and underpredicts AC only in the majority of subsamples.

7.4. The probabilistic models

Both versions of the probabilistic model gave unsatisfactory fits to the data (see Table
5). This can be partially blamed on the small number of free parameters, in particular of
Version 1. Version 2, however, has the same number of free parameters as MM-original
and still performed consistently worse. The bad fit of the probabilistic models cannot be
explained by a deficiency of the fitting algorithm. I simulated 100 data sets from Version
2 of the model with independent random variation of parameters. Then I fitted the model
to these data sets with the simplex algorithm (without preceding grid search). There were a
few outliers with G2 values up to 970, probably due to unfortunate starting values, but 90
of the 100 data sets were fit with G2 values less than 50 (mean 13.0). Thus, the fitting algo-
rithm is able to fit the model to the data if the data are generated by the model.

Fig. 11 shows the observed frequencies together with those predicted from the two ver-
sions of the probabilistic model. Besides several instances of under- and overprediction
specific to each version, there are problems the two versions have in common. Most nota-
bly in Data Set 1, the models cannot reproduce the large frequency of MP only. This prob-
lem of the model of Oaksford et al. (2000) has been noted before (Evans & Over, 2004):
The model explains high acceptance rates of MP by setting the exceptions parameter e
low, and this has the consequence of increasing acceptance of MT to a level higher than
usually found in the data. As a consequence, both model versions underpredict MP only

and overpredict MP, AC, MT, as well as MP, DA, MT.
The problems with Data Set 2 are more diffuse. As the bottom panel of Fig. 11 shows,

the models underpredict all high-frequency patterns and overpredict most low-frequency
patterns (the same profile of residuals is found with all six samples of Data Set 2). Basi-
cally, the models cannot reproduce the degree to which the patterns differ in frequency.
This means that the models do not get the correlations between accepting individual infer-
ences right. As can be seen from Table 3, there is a distinct pattern of correlations in Data
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Set 2: Acceptance of MP tends to go hand in hand with acceptance of MT, and acceptance
of AC covaries with acceptance of DA. As a consequence, the four patterns reflecting these
pairings (i.e., MP, MT and AC, DA, as well as All four and None) are the most frequent
patterns. A look at Eqs. (1a)–(1d) shows that the probabilistic model has little leverage for
producing this pattern of correlations. For instance, acceptance of MP can vary only
through variation of e. Variation of e also affects acceptance of MT in the same direction,
thereby producing a positive correlation between the two, but it affects AC and DA in
much the same way, so variation of e while holding the other parameters constant would
generate positive correlations throughout, not the distinct pairwise correlational pattern
observed in Data Set 2.

To summarize, fitting the probabilistic model of Oaksford et al. (2000) to patterns of
inferences, instead of frequencies of individual inferences, reveals a serious shortcoming
of this model. There is, of course, always the possibility that the computational model
of Oaksford et al., amended with different algorithmic assumptions, can account for the
data. With the failure of two versions of an algorithmic specification of the probabilistic
approach to conditional reasoning, however, the burden of proof shifts to the proponents
of that approach to provide a viable theory on the algorithmic level.

7.5. Evaluation of model constraints and parsimony

A good model not only fits the empirical data well, it is also constrained enough so that
it cannot fit any arbitrary data set. A model that is flexible enough to fit a large range of
possible data patterns is of little value because it does not predict that the empirical data
must fall into a reasonably narrow range (Roberts & Pashler, 2000). To assess the flexibil-
ity of the models under consideration, I generated a set of 500 random frequency distribu-
tions, with N = 686 as in Data Set 1, and fitted each multinomial model to them with the
free parameters used for fitting Data Set 1.4 Roberts and Pashler also pointed out that lit-
tle is gained by showing that a model cannot fit a completely arbitrary data set that is
grossly implausible from what we know about the domain in question. A good model
should be constrained to fit only a small subset of plausible data patterns, that is, patterns
that conform to our trivial knowledge about the domain (i.e., knowledge that is uncontro-
versial and unsurprising from any theoretical point of view). I regarded the fact that, with
basic conditionals, MP is nearly universally accepted as trivial enough to build it into the
artificial data sets; the randomly generated data sets therefore were constrained to assign
at least 90% of all cases to the eight response patterns that include MP.

Table 10 displays the mean G2 values obtained for each model, and the percentage of
artificial data sets that were fit as well as or better than the empirical Data Set 1 by each
model. The results show that four of the five models, despite having a relatively large num-
ber of free parameters, are highly constrained—less than 5% of the random data sets could
be fit as well as the empirical data set. The one outlier was the sequential suppositional
model, which seems to be flexible enough to accommodate a large proportion of randomly
generated data sets.
4 It was not possible to do the same with the probabilistic model because the fitting procedure, in particular the
grid search used for Version 2, takes too long.



Table 10
Results of multinomial model fits to random data sets

Model Mean G2 (SD) Percent G2
6 fit to real data

MM original 607 (307) 0.4
MM with directionality 477 (261) 0.2
Suppositional sequential 262 (179) 24.0
Suppositional exclusive 336 (231) 3.8
Dual-process 309 (230) 0

Table 11
Goodness of fit (G2) of descriptive model to Data Set 1 and Data Set 2

Free parameters New parameter df Basic Pseudo-naturalistic

DF DB DN IF IB IN

4 MP only 11 274.8 111.1 89.6 111.1 145.3 264.6 342.6
5 None 10 258.0 101.8 70.1 109.3 114.1 90.4 42.0
6 AC,DA 9 239.2 100.0 64.7 95.5 76.4 88.1 42.0
7 MP,AC 8 135.7 92.8 64.7 95.1 76.0 85.3 32.7
8 MP,AC,DA 7 133.1 80.6 52.2 89.3 67.2 83.4 32.1

Note: Free parameters were individual probabilities for the most common patterns across data sets, and a
common probability for all remaining patterns. All models had free parameters for individual patterns All four,
MP,MT, and those added cumulatively from top to bottom in the second column.
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Another criterion of model evaluation is that a theoretically motivated model should
provide a more parsimonious account of the data than a mere descriptive model. In other
words, could a descriptive model with the same number of free parameters reproduce the
data equally well as a given theoretical model? To answer this question I fitted a descrip-
tive model to the data. The descriptive model used one free parameter for the probability
of each of the more frequent response patterns, and a common parameter for all other pat-
terns. The descriptive model could be made more parsimonious by removing parameters
for individual patterns, progressing from the less frequent to the more frequent patterns.
Table 11 summarizes fits of the descriptive models to the two data sets. For Data Set 1,
most of the theoretical models fit better than the descriptive model with the same number
of free parameters; for Data Set 2, this is still true for the two MM models and the dual-
process model. The best fitting theoretical models, therefore, provide more parsimonious
accounts of the data than a descriptive model.

8. Multinomial model fits, alternate take

One drawback of all the multinomial models so far is that they treat random behavior
in a less than ideal way. The assumption behind all these models is that people either
decide on all four inferences by random guessing, or else that they execute the processes
specified on the reasoning path without noise. This is implausible. For instance, according
to these models it cannot happen that a participant constructs two mental models for her
judgment on the DA inference, but then forgets the second model when it comes to eval-
uate the MT inference. It also cannot happen that participants reason properly but then
accidentally hit the wrong button. In short, there is no place in the models for random
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noise from one decision to another within a quadruple of inference evaluations. This might
be a relevant constraint, because noise on individual decisions could generate patterns that
are otherwise impossible to obtain through a model’s reasoning path—for instance, in the
MM models patterns with three inferences could have arisen from reasoning processes that
yield acceptance of all four patterns, plus a random effect that switches the evaluation on
one of the four patterns. The implausible way of capturing randomness in the models
could be in part responsible for the fact that large proportions of response patterns were
accounted for by the guessing path.

I therefore designed a second variant for each of the multinomial models discussed
above. In this variant, the guessing path was eliminated, and instead I added a noise tree
to the end of each outcome branch (i.e., the right-most line leading into a predicted pat-
tern). One example of the noise tree is shown in Fig. 12. The figure looks like a complicat-
ed undergrowth but reflects a very simple logic: Each individual inference in the pattern
Fig. 12. Noise tree added to all outcome branches, exemplified in its application to an outcome pattern MP, MT.
The first decision represents whether the evaluation of MP is switched (with probability n*), the second decision
represents switching of AC, the third decision regards switching of DA, and the fourth, switching of MT. To the
right are the resulting patterns that are created after adding noise.
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predicted by an outcome branch is switched to its opposite evaluation with probability n,
and remains unchanged with probability 1 � n. Switching means that an inference accept-
ed in the original outcome is rejected after the switch, and an inference originally rejected
is now accepted. The probabilities of switching each inference are independent of each
other, and this is why the graph looks complex—it branches out through four binary
decisions.

One further complication must be mentioned: The analysis of response consistency in
Data Set 1 reported above revealed that MP inferences are evaluated with much higher
consistency than the other three inferences. To do justice to this finding, I allowed a sep-
arate noise parameter for MP inferences, n*, which I assumed to be lower than the noise
parameter for the other inferences. The modified model versions therefore started with the
same numbers of parameters as the original models—in each case, parameters r and g were
dropped, and parameters n and n* were added. It turned out that for three of the models
(MM-directional, suppositional sequential, and dual-process), the distinction of n and n*

led to no significant improvement of fit in the majority of subsamples of Data Set 2, so for
these models I constrained n* and n to be equal in Data Set 2, thereby gaining one degree
of freedom.

8.1. Model fits

Table 12 provides an overview of the fit statistics for the new model versions. The two
winners of the first round also won the second: The MM model with directionality and the
dual-process model had the best fits overall. The only exception to this is the relatively bad
fit of the MM-directionality model to the subgroup with inductive instructions and no cau-
sality in Data Set 2, which was fit better by the two suppositional models.

Table 13 shows the parameter estimates for the two best fitting models. Some of the
parameter values deviate considerably from those obtained from the first versions of these
models (see Tables 6 and 8)—for instance, the probability of using System 1 is estimated
consistently lower in the dual-process model with individual noise. Nonetheless, the
parameters behaved in qualitatively the same way as in the first versions, inviting the same
interpretations as discussed above. For instance, both models once again accounted for
the effect of backward causality by reducing, relative to forward causality, parameter a

(for the probability of constructing the :p & q model) and increasing parameter e (for
the probability of constructing the p & :q model). In two regards the parameters for
the dual-process model in Table 13 are more in line with theoretical expectations than
Table 12
Fit statistics for multinomial models, versions with noise on individual inferences

df Basic Pseudo-naturalistic

DF DB DN IF IB IN

MM original 10 69.8 82.8 98.4 105.2 60.3 105.9 135.5
MM + directionality 9/10 30.1 33.0 43.8 57.3 44.4 80.7 104.7
Suppositional sequential 9 131.8 102.5 142.0 102.0 73.4 183.0 79.3
Suppositional exclusive 9/8 72.7 105.3 161.3 105.2 88.1 210.0 62.8
Dual-process 8 26.7 24.4 32.7 28.6 38.5 70.7 48.3

Note: Where two values are given for df, the first refers to models for basic conditionals and the second to models
for pseudo-natural conditionals.



Table 13
Parameter estimates for mental models with directionality and dual-process model, versions with noise on
individual inferences

Parameter Basic Pseudo-naturalistic

DF DB DN IF IB IN

MM with directionality

f (Flesh out) .70 .84 .85 .85 .92 .81 .80
d (Reverse direction) .84 .82 .82 .77 .91 .90 .82
a (Alternative cause) .49 .45 .37 .60 .39 .34 .58
e (Exception) .01 .12 .18 .26 .16 .30 .36
n* (Noise at MP) .03 n (fixed) n (fixed) n (fixed) n (fixed) n (fixed) n (fixed)
n (Noise at others) .08 .07 .09 .07 .10 .09 .08

Dual-process

m (use System 1) .22 .26 .17 .29 .30 .09 .36
c (Converse) 0 .22 0 .44 .63 0 .64
i (Inverse) .18 .44 .55 .76 .84 .59 .76
f (Flesh out) .75 .88 .85 .72 .86 .82 .64
a (Alternative cause) .45 .45 .38 .74 .50 .35 .84
e (Exception) 0 (fixed) .16 .22 .36 .24 .33 .55
n* (Noise at MP) .03 n (fixed) n (fixed) n (fixed) n (fixed) n (fixed) n (fixed)
n (Noise at others) .08 .06 .09 .04 .08 .09 .06

Note: MM = mental-model theory; samples of pseudo-naturalistic conditionals are denoted by D for deduction
and I for induction, together with F for forward causality, B for backward causality, and N for no causality.
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those of the first version. First, the probability of using System 1 was no longer estimated
to be larger with basic than with pseudo-naturalistic conditionals. Second, both parame-
ters reflecting the probability of endorsing pragmatic implicatures, c and i, were on aver-
age larger for pseudo-naturalistic than for basic conditionals.

I also fitted the alternate version of each model to the same set of 500 random data sets
as before; the results are shown in Table 14. Comparison with Table 10 shows that intro-
ducing noise at individual inferences increases the models’ flexibility—the alternate ver-
sions fit the random data set better than the original versions. This observation
provides an illustration of the point raised by Pitt, Myung, and Zhang (2002): Models with
equal numbers of parameters and degrees of freedom do not necessarily impose equally
strong constraints on the data. In light of the results with the random data it is surprising
that the alternate model versions fit slightly worse than their original counterparts to the
empirical data. Nevertheless, the two most successful models, MM-directionality and the
dual-process model, fit the real data better than at least 98% of the random data. This
means that these models, despite their relatively large number of free parameters, are com-
Table 14
Results of fits of models with noise on individual inferences to random data sets

Model Mean G2 (SD) Percent G2
6 fit to real data

MM original 298.0 (176.3) 3.0
MM with directionality 250.8 (143.9) 0.6
Suppositional sequential 247.6 (199.0) 28.6
Suppositional exclusive 231.9 (137.7) 7.0
Dual-process 222.1 (157.3) 1.4
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patible only with a small section of the space of possible and plausible data patterns, there-
by fulfilling the criteria of Roberts and Pashler (2000).

The model versions with noise at individual inferences arguably represent the more
plausible way of incorporating random variability of behavior into the models. The alter-
nate versions had satisfactory fits to the data, using one parameter less for Data Set 2, and
they avoid having to account for a large proportion of response patterns by an atheoretical
guessing process. I therefore regard them as the preferable model versions, even though
their fits were somewhat worse than the original ones. The question of how to represent
randomness is a general issue for all models that predict frequencies of patterns of behav-
ior instead of individual behaviors. Using noise trees of the kind illustrated in Fig. 12
might be a general solution in the context of multinomial processing models.

8.2. Model discriminability and parameter recovery

The dual-process model and the MM-directionality model, with noise at individual
inferences, both provide a good account of the data. Considering goodness of fit relative
to degrees of freedom and model flexibility, there is no strong basis for deciding between
them. Although different in structure, these models might be compatible with highly over-
lapping sets of possible data patterns. In that case, the kind of data used here could not be
used to discriminate between these two models for principled reasons. To investigate this
issue, I simulated 1000 samples of 686 subjects each from the dual-process model. The
model parameters for each sample were generated by drawing values from a standard nor-
mal distribution and entering it into a logistic function with gain = 1 to convert them into
probabilities. Parameter e was constrained to be <.5 because assuming the truth of the
conditional (per instruction) implies that there are not too many exceptions to it. Likewise,
the noise parameters were varied in the range 0 to .1 to prevent them from masking the
effects of the cognitive-process parameters. I then fitted the MM-directionality model to
each of these samples.

Through an analogous procedure (and with the same constraints on parameters) I gen-
erated 1000 simulated samples from the MM-directionality model and fitted the dual-pro-
cess model to them, using the most flexible version with 8 free parameters. I also fitted the
dual-process model to the simulated dual-process data, and the MM-directionality model
to the simulated MM-directionality data, to obtain a comparison standard for the cross-
model fits. The results of all four analyses are summarized in Table 15.

As expected, both models fit the data generated by themselves very well. Fits to data
generated by the other model, respectively, were markedly reduced, though still good.
Overall, the dual-process model yielded better fits, demonstrating again its higher flexibil-
Table 15
Fits of the MM-directionality model and the dual-process model (both with noise at individual inferences) to
simulated data generated by the MM-directionality model and the dual-process model

Fit by MM-directionality Fit by dual-process

Data generated by MM-directionality 27.4 (68.4)/90.1% 37.3 (63.0)/64.1%
Data generated by Dual-process 63.7 (65.9)/33.2% 16.1 (38.9)/92.7%

Note: First entry is mean G2 (SD), second entry is percentage of samples fit better than Sample 1 by the model
used to fit the data.
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ity. Still, the dual-process model covers only about 60–70% of the space of possible data
patterns compatible with the MM-directionality model by fitting these patterns as well as
or better than the real data. The MM-directionality model covers about 30–40% of the
space of possible data patterns compatible with the dual-process model.

Fitting each model to data generated by the same model also provides a test of how well
the modeling procedure recovers the parameters used to generate the data. I correlated the
true parameters with the corresponding estimated parameters across the 1000 samples (i.e.,
the true value of m with the estimated value of m, and so forth). For the dual-process mod-
els, these correlations ranged from .65 to .85 for all parameters except the two noise
parameters, which were not recovered well (r = .21 and .10). Importantly, the correlations
between non-corresponding parameters were small (all r < .11), showing that there were
virtually no parameter trade-offs.5 The MM-directionality model showed good recovery
of parameters f, a, and d (r > .86), but poor recovery of e (r = .37) and of the two noise
parameters (r = .09 and .18). Again, there were virtually no correlations between non-cor-
responding true and estimated parameters (all r < .10).

9. Discussion

I tested formal models capturing the assumptions of four theories of reasoning with
conditionals, the theory of mental models (Johnson-Laird & Byrne, 2002; Johnson-Laird
et al., 1992; Schroyens & Schaeken, 2003), the suppositional theory (Evans & Over, 2004),
the probabilistic theory (Oaksford & Chater, 2001; Oaksford et al., 2000), and a dual-pro-
cess theory combining elements of the suppositional theory with elements of the mental-
model theory (Verschueren et al., 2005). Two models emerged as successful accounts of
both data sets: A variant of the mental-model theory introducing directionality into the
models, as originally proposed by Evans (1993), and the dual-process model.

9.1. Implications for models of reasoning with conditionals

By looking at what distinguishes the well-fitting models from those with unsatisfactory
fits we can glean some clues as to which assumptions are critical for a viable account of the
present data. The theory of mental models figures prominently in both successful models.
Both models, however, include amendments to the original theory. MM-directionality
adds a single parameter d to capture the directionality of the reasoning process. Its value
was estimated to be close to one, but its deviation from unity was instrumental for improv-
ing the model’s fit significantly. The dual-process model adds the System-1 path to the ori-
ginal model theory, traversed with probability m. Again, this parameter was estimated to a
moderate to low value, leaving the larger part of the data to be explained by the System-2
component of the model, which corresponds to the original model theory. Still, adding the
System-1 path was vital for a satisfactory fit. The function of the System-1 path seems to
be similar to that of the directionality parameter in MM-directionality: It allows for some
5 Parameter trade-offs are a common problem when fitting models with many parameters: If two parameters
have largely the same effect on the predicted data, then the fitting algorithm can adapt to the data by changing
either one or the other, and chooses one on the basis of small, insignificant features of the data. This leads to
correlations of non-corresponding pairs of true and estimated parameters, because often an effect in the data that
is generated by one true parameter is captured in the fitted model by the other estimated parameter.
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degree of forward directionality by allowing parameter i to be set higher than parameter c,
such that people are assumed to more frequently add the inverse, which supports forward
DA inferences, than adding the converse, which supports backward AC inferences. In fact,
parameter i was estimated more consistently to values >0 than parameter c.

Some degree of forward directionality, therefore, seems a necessary component of a
successful model. It is not sufficient, however, as shown by the limited success of the
two variants of the suppositional model, which both make use of the same means for cap-
turing forward directionality as the dual-process model (i.e., the relative size of parameters
i and c). A comparison of the dual-process model with the exclusive version of the suppo-
sitional model shows that the mental-model component also is crucial for a successful
account of the data. It seems, therefore, that there are two necessary ingredients for a via-
ble model of inference endorsement patterns, one component reflecting the mental-model
theory and one adding forward directionality. The role of the mental-model component is
to capture the co-occurrences of inferences—for instance, the high correlation between
acceptance of AC and DA is explained by their common dependence on parameter a

(i.e., the probability of the :p & q model). Both the suppositional model and the proba-
bilistic model have difficulties with the covariation pattern in the data. The role of the
directionality component is to capture the higher overall frequency of forward (MP,
DA) than backward (AC, MT) inferences.

The combination of these two ingredients is not an ad hoc marriage contrived for the
sole purpose of accounting for the present data—adding directionality to the theory of
mental models has been proposed long ago (Evans, 1993) and is supported by independent
data and theory (Barrouillet et al., 2000; Oberauer et al., 2005); and the dual-process the-
ory (Verschueren et al., 2005) has been developed independently, motivated by different
kinds of data. It cannot be ruled out that other combinations of existing theoretical
ideas—for instance combining the probabilistic theory of Oaksford et al. (2000) with a
directionality parameter, or plugging in the probabilistic theory instead of the supposition-
al theory for the System-1 path in the dual-process model—would provide an equally good
account of the data. I did not explore these possibilities because they would be entirely ad
hoc, and it is not obvious how these components should be coupled in a formally coherent
way.

The results of this study should not be read as passing a final judgment on the relative
merits of the theories tested. Different theories might have strengths in different domains of
application, and endorsement patterns of the four basic inferences represent just one
domain, selected because endorsement rates of these inferences have been a main focus
of research on reasoning with conditionals over the last decades, and all theories make pre-
dictions for them. It could be argued that the choice of data biased the competition against
theories that were designed to mainly address other phenomena. For instance, the proba-
bilistic theory of Oaksford et al. (2000) seems best suited for predicting continuous degrees
of belief in conclusions rather than binary decisions of acceptance or rejection. A similar
argument could be made at least for the System-1 part of the suppositional model. It
would be desirable, therefore, to formalize all the theories in a way that makes them appli-
cable to continuous data such as ratings of degrees of belief in the conclusions of the four
basic inferences. Multinomial models are not suited for that purpose. Rather, the theoret-
ical models would have to be formulated as structural equation models to predict the var-
iance-covariance matrix of ratings on the four basic inferences by a set of latent variables
that represent the model parameters. These parameters could, for instance, reflect people’s
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degrees of belief in individual mental models, or in the inverse or the converse of a given
conditional. One limitation of structural equation models is that they can represent only
linear relations, and it is unclear whether the theoretical models could be translated into
purely linear structures. As long as this obstacle has not been overcome, the two successful
models developed here—mental models with directionality, and the dual-process model—
are the only available formal models of reasoning with conditionals that can account com-
prehensively for people’s reasoning with the four basic argument forms.

I started this article by mentioning not four but five theories (or families of theories).
One of them, mental rule theories, has been completely ignored throughout the remainder
of this article, and readers might feel that this class of theory deserves more than just being
neglected. I agree, and in fact rule theories have implicitly been taken on board throughout
the modeling endeavor. It is now time to make this explicit.

Rule theories agree that people avail of a rule for MP but none for MT (Braine &
O’Brien, 1991). People can derive an MT conclusion, however, through suppositional rea-
soning, just as described above in the context of the suppositional theory of Evans and
Over (2004). Of course, rule theories also assume that there are no rules for AC and for
DA. The fact that people nonetheless accept these inferences frequently can be explained
by assuming that they often interpret the premises in a different way from what the exper-
imenter has intended (Henle, 1962). One natural way to make use of this assumption is to
allow for the addition of the converse and of the inverse of a given conditional by some
participants in some cases. Moreover, rule theories usually assume that each rule is asso-
ciated with a parameter governing the probability of its successful use. A formal model on
the basis of these assumptions therefore would specify two steps in the reasoning process.
The first step determines which propositions a person actually uses as premises—this step
would include free parameters for the probability of adding the converse and of adding the
inverse. The second step would involve determining which inference to accept. This step
would be governed by parameters for the probability of applying the MP rule and of
applying the rule for the suppositional proof of MT. It should be clear by now that this
description perfectly fits the sequential version of the suppositional model (Fig. 3).6 The
sequential suppositional model therefore can be rightly interpreted as the probabilistic heir
to the older rule-based theories of reasoning with conditionals. The meager success of that
model, however, suggests that this heritage is more a burden than an asset.

9.2. Further tests of the successful models

Among the two successful models, the dual-process model gave better fits to most data
sets than MM-directionality, but this comes at the price of more free parameters and
greater model flexibility. The two models are not nested, so there is no formal means
for evaluating whether the extra free parameters in the dual-process model lead to a sta-
tistically significant improvement of fit. One possible way to adjudicate between the two
models is by experimental manipulation of parameters. If a model is to be trusted, its
6 The only difference between the sequential suppositional model and the rule model envisaged here is that the
latter has a parameter for the probability of applying the MP rule. This rule, however, has always been heralded
as universal, and its application as obligatory, by proponents of rule theories (Smith, Langston, & Nisbett, 1992),
so it does not seem unfair to rule theories to fix this parameter to 1, as is implicitly done in the sequential
suppositional model.
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parameter estimates should react in predictable ways to experimental manipulations. One
obvious way to test the dual-process model, for instance, would be through manipulations
targeting the proportion of responses generated from System 1 vs. from System 2. This
proportion is reflected in parameter m. One should expect that the contrast of deduction
instructions and induction instructions is reflected in this parameter. This was not the case,
probably because in the experiment of Weidenfeld et al. (2005) the instruction manipula-
tion had only weak effects. Others have been more successful in generating strong instruc-
tion effects (Rips, 2001; Vadeboncoeur & Markovits, 1999), so a strong manipulation of
instructions seems like a fruitful way of future research to test the multinomial dual-pro-
cess model. Another way of experimentally manipulating parameter m could be to vary
time pressure (Schroyens, Schaeken, & Handley, 2003): With high time pressure, partici-
pants would be more inclined to rely on System 1 because it produces results faster.

A further manipulation that might affect m is available working-memory capacity,
which can be varied experimentally by introducing a working memory load (Verschueren,
Schaeken, & d’Ydewalle, 2004), or else through comparing inference patterns of partici-
pants with high vs. low working-memory capacity (Handley, Capon, Copp, & Harper,
2002; Markovits & Doyon, 2004) or across age groups (Barrouillet et al., 2000; Barrouillet
& Lecas, 1999). Low available working-memory capacity, however, does not necessarily
shift people toward more reliance on System 1. They might rely on System-2 processes just
as much as individuals with high capacity—this would leave m independent of capacity,
and differences in capacity would instead be reflected in the probabilities of building more
than one mental model, captured by parameters f and a (Oberauer, Weidenfeld, & Hörnig,
2006).

Other tests of the dual-process model could involve parameters c and i, which reflect the
probability of enriching the given conditional premise by adding the converse or the
inverse, or both. First of all, basic conditionals should provoke much less spontaneous
enrichment than conditionals rich in realistic content and context, because the latter serve
as stronger cues to prior knowledge, including knowledge of causal links between anteced-
ent and consequent that might support the converse and the inverse, or pragmatic knowl-
edge about the intended meaning of the speaker. On a more fine-grained level, specific
contents and contexts might be identified that suggest adding the converse but not the
inverse, or vice versa. For instance, Evans and Twyman-Musgrove (1998) have shown that
conditionals expressing inducement and advice lead to a strong preference for forward
inferences (MP, DA) over backward inferences (AC, MT), and Evans and Over (2004)
explain this by assuming that the pragmatic context of these conditionals strongly suggests
adding only the inverse to the given conditional premise. A systematic manipulation of
contents and contexts therefore provides a rich set of possibilities for manipulating the
c and i parameters. The assumption that the two can be dissociated, first raised by Evans
and Over (2004), is specific to the dual-process model and sets it apart from MM-
directionality.

Two manipulations that should affect the c and i parameters were already included in
the present data. First, the two data sets differed in that Data Set 1 involved basic condi-
tionals, whereas those of Data Set 2 had pseudo-naturalistic contents and contexts. As
expected, the c and i parameters were, on average, larger in Data Set 2 than in Data
Set 1, at least with the alternate model version. Second, Data Set 2 involved a manipula-
tion of direction of causality. It could be expected that people are more likely to add the
converse when the given conditional has backward causality than when it has forward cau-
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sality. The parameter values showed no such effect; if anything, the c parameter was small-
er in conditionals with backward than with forward causality. As noted above, the dual-
process model accommodated the difference between forward and backward causality
exclusively through its System-2 parameters. The fact that, in the present specification
of a dual-process model (as in Verschueren et al., 2005), content and context affect both
processes makes it difficult to use content and context manipulations to uniquely target
parameters on the System-1 branch.

The MM-directionality model has only one parameter—the probability of reversing
directionality, d—that it does not share with the dual-process model, and which therefore
is particularly suited as a target of experimental manipulations aiming at testing this model
against its competitor. One obvious way of manipulating d seems to be, again, the direc-
tion of causality implied by the content or context of a conditional. The contrast of for-
ward and backward causality in Data Set 2 did not yield the expected effect on d; as in
the case of the dual-process model, this contrast was completely absorbed by the a and
e parameters. A stronger way of manipulating d might be to contrast conditionals of prag-
matic types that differ in how strongly they imply forward directionality (Evans & Twy-
man-Musgrove, 1998), or to contrast logically equivalent conditionals cast in ‘‘if-then’’
form and in ‘‘only-if’’ form (Evans, 1993).

Both models should, of course, predict that conditionals for which independent raters
can retrieve more alternative antecedents (i.e., cases of :p & q) should give rise to higher a

parameter estimates, and conditionals for which more counterexamples (i.e., p & :q cases)
can be retrieved should result in higher values of the e parameter (De Neys et al., 2003;
Markovits & Barrouillet, 2002). A special challenge arising from the dual-process model
is differentiating between retrieved knowledge of possible situations (i.e., mental models
of conjunctions), which should affect parameters a and e, and knowledge of general links
between p and q (e.g., probabilistic associations, causal laws, deontic rules, and pragmatic
implicatures), which should affect parameters c and i. For instance, when a child hears a
promise from her father, ‘‘If you go to bed now, then you may watch TV tomorrow,’’ the
pragmatic type of the statement, a promise, strongly suggests the inverse as an implicature:
If the child does not go to bed now, there will be no TV the next day. This assumption
should be reflected in a high i parameter. On the other hand, the child might remember
several instances where the father has broken his promise, or imagine several plausible cir-
cumstances under which the consequent will not materialize despite the antecedent being
true (e.g., the TV set is old and liable to malfunction frequently), and therefore think that a
conjunction of going to bed today (p) and not watching TV tomorrow (:q) is likely to
occur. This should be reflected in a relatively high value of the exceptions parameter e.
The dual-process model uniquely predicts that the two routes for effects of knowledge
on reasoning—retrieval of additional conditionals and retrieval of possible situations—
can be dissociated.

10. Conclusions

To summarize, I have formalized and tested four theories of reasoning from condition-
als, and although the results did not unambiguously favor a single theory, they helped to
narrow down the set of viable candidates, and to specify the assumptions of those theories
that seem viable more precisely than before. A comparison of the more successful models
with the less successful ones points to two necessary components of a viable model—a
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mechanism of reasoning based on mental models, and a mechanism that introduces a pref-
erence for forward over backward inferences. Simply adding a directionality parameter to
the original model theory was sufficient to reach a satisfactory and parsimonious account
of the data. The alternative is to use the dual-process framework to integrate the two com-
ponents. The dual-process model is less parsimonious, but has the advantage, besides
yielding better fits, of placing reasoning with conditionals in a theoretical framework that
has been successfully applied to a large number of phenomena in human reasoning (Evans
& Over, 1996; Sloman, 1996; Stanovich & West, 2000).

Appendix A

The integrals in Eq. (4) can be approximated numerically by a Gauss-Hermite quadra-
ture (in this regard I follow an analogous procedure by Tuerlinckx, 2004):

P ðV jA;B;E; rÞ ¼ RRRP ðV jgi; gj; gkÞwiwjwk:

In this equation, gi, gj, and gk represent the parameter values corresponding to the
nodes of the quadrature (gi representing Ai, gj representing Bi, and gk representing Ei),
and wi, wj, and wk the corresponding weights, and the sums run over the n nodes for i,
j, and k. The node values are entered into the logistic Eqs. (2a)–(2c) to obtain parameters
ai, bi, and ei. Before doing this, the standard nodes need to be transformed to reflect the
mean and standard deviation of the normal distribution they represent, for instance:

gi ¼ sqrtð2Þrg0i þ A;

with g0i being the standard node. Analogous transformation must be applied to obtain gj

and gk. Likewise, the weights must be transformed as in:

wi ¼ w0i=sqrtðpÞ:
The same procedure was used to approximate the integrals in Eq. (6).
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